All rights reserved. Printed in Great Britain

J. Appl. Maths Mechs, Vol. 62, No. 4, pp. 545-554, 1998
@ Pergam on © 1998 Elsevier Science Ltd
PII: S0021-8928(98)00071-9 0021-8928/98/$—see front matter
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A minimax control problem with a performance index which is the sum of two terms is considered for a system with a delay.
The first of these two terms in the Euclidean norm of the set of deviations of the motion of the system at specified instants of
time from the stipulated objectives, while the second term is an integral-quadratic penalty which is imposed on the form of the
control actions. The problem arises in a differential game. In this case, the history of the motion serves as the information for
the strategies. A functional treatment of the control process in question is given which is based on an original prediction of the
motion. A procedure for calculating the value of the game and for constructing minimax and maximin control strategies, which
is convenient for numerical implementation, is obtained from this treatment and from the construction of hulls, convex upwards,
of auxiliary functions from the method of stochastic program synthesis. The results of a numerical experiment are presented.
© 1998 Elsevier Science Ltd. All rights reserved.

This paper is related to the investigations in [1-9].

1. FORMULATION OF THE PROBLEM
Suppose a system with a delay is described by the equation

dx(t)/ dt = A(O)x(®)+ A, (Ox(t — )+ Bu+ C(tyv, tfrst<? (L.

Here, x is an n-dimensional phase vector, u is an r-dimensional control vector (or the action of the
first player), v is an s-dimensional disturbance vector (or the action of the second player), A(r), A(2),
B(r) and C(¢) are continuous matrix functions, the delay 4 = const > 0, and #; and 9 are fixed instants
of time (f) < ). At the instant #;, the initial state, xp[ty — A[ - Jfo] = {xo[t], fo — £ < © < 1}, of system
(1.1) is known, where xy[t] is a piecewise-continuous vector function (that is, xo[t] can have a finite
number of points of discontinuity of the first kind and, at these points, it is continuous to the right).
The Borel measurable finite samples u[to[ - J) = {uft], fp =t < 9} and vftg[ - ]9) = {v[t], o =t < ¥}
are permissible. From an initial state xq[ty — 4] - J¢o], these samples uniquely [10, p. 19] generate the motion
xqlto — B[ - 19] = {xlt], to — A < t < 9} of system (1.1) (x[¢] is an absolutely continuous vector function
when £y < r < 3, which satisfies the condition x{t] = xg[f] when 15 — A <t < #; and equality (1.1) for
almost all ¢ and u = ufz], v = v[¢]. . . )

The natural number N = 1, the instants of time @ elty, 9] (t(’) <D i=1,.. N-1,M= 3,
the constant (p(’) x n)-matrices DY, where 1 < p(’) < n, and the n-dimensional vectors are specified.

It is required to find the control (or disturbance) aimed at minimizing (maximizing) the performance index

Y = Y(xlto[19), ultgl19), vir[19)=

N o Ve
= ( 3 DY () —g"’)f’) + [ [Gde), O@ultl) - @le], PO [Dldr (12)
i= fn

Here and below | - | is the Euclidean norm, ( -, - ) represents the scalar product of vectors, ®(¢) and
¥(r) are symmetric, continuous matrix functions and the quadratic forms (u, ®(¢)u) and (v, \P(¢)v) are
positive definite when fy < ¢t < 3.1

1Prikl. Mat. Mekh. Vol. 62, No. 4, pp. 586-597, 1998.

fFor N = 1, this problem is considered in the following papers: STIKHINA, T. K., The theory of positional control in systems
with a delay, Sverdlovsk, 1984: Deposited in the All-Union Institute for Scientific and Technical Information (VINITT) 06.04.84,
No. 2051 and STIKHINA, T. K., Problems of positional control and modelling in dynamical systems. Candidate dissertation,
01.01.02. Sverdlovsk, 1985.
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Remark. The performance index y from (1.2) can be given from the start or the functional

V!
9 9
V.= [ | 1Duxstn1- gen? dx] + | Kudn). @CondeD - 1x). Woow [xhlde

0 0

is introduced as an approximating functional for the performance index, where D(t) is a known piecewise-smooth
matrix function and g(¢) is a specified piecewise-continuous vector function.

These two problems can be combined into a two-person differential game. Suppose the history of
the motion x[ty - k[ - ] = {x[t], 2o —h < t <} has been put together under the action of the permissible
forms ufte[ - 1) = {u[r], 1o < v < ¢} and v[te[-}r) = {v[}, o < © < t} by the time ¢. The triple {xfz], 1o -
h[- 1), vlto] - }])} is called the forrn of the control process by the time ¢. Following the concepts in [1-6],
we shall say that the functional p (x[to - h[ Jt<, ultol - }t+), vfto] - 1¢+)), where ¢+ is the initial instant of
time (f < t. < 9), is the value and the pair of strategies which are the vector functions from the history
of the motion u(x[ty — A[ - Jt], €) and v(x[te — A[ - Jt], €), where ¢ is the actual instant of time and ¢ is an
accuracy parameter (see, for example [5, p. 68]), forms a saddle point in the game for system (1.1) with
the performance index y from, (1.2) if, whatever has served as the initial form of the process {x[to -
h[-Jt=), ulto[-Jt+), vlto[-1t+)}, for any number £ > 0 a number &. > 0 and a function 8(¢) > 0,0 < ¢ < &»
are found such that, on the one hand, for any number € > 0, ¢ < &, partitioning A = A, {t;} = {t;:t; =
o b <ty j = 1,. ko ti = ) w1th step & = max; -, | k(41 — ;) < 8(¢) and perrmss1ble form
of the noise vft.[- ]ﬁ) for the motion x auolto —h[-19], anch is the solutlon of the step-by-step equation

dx ol1)/ dt = A@)X] o[t]+ Ay(1)x] olt = h1+ B (x} olto ~H1;1,€)+ Cy 1] (1.3)
tpste<tyy,, j=Lo.k x;uo[‘t] =x{1), te-h<ti=t =1t

the following inequality will hold
Y(xz oltol19], uZ oltol10), virgl18)) =p°(xltg ~ L], ultol ), vkl +E (1.4)

where u§ ,oltol-19) = {ufolf] = ult], to <t < to, uSolt] = u’CE olto — A[- X e st <ty,j=1,...,k}
On the other hand, the inequality

YO, oltol1®), ultol10), v oltol10)) = p°(xlty ~ A1, wltole,), wilhND~E  (15)

where DAUO[tO[ ]ﬁ) = {UA\)O[t = U[t] lpSt<iyv AuO[t] =V (xAu()[tD h[ ] ] 8): St < t+1’J =
1,...,k}, will hold for any number ¢ > 0, ¢ < &« and partltlonmg A=A At} w1th a step size Sk < §(g)
and a perm1581ble form of the control [t - ]¥) for the motion x} wofto — h[ ]«‘)) which is a solution of
the step—by—step equation (1.3), where x°, ,[f] has to be replaced by x% woft], u’(¢% olto — [ )¢ i1, €) by ulf]
and v® (% 0lto - A[- 51, by €) respectlvely

We will call the strategies u’(-) and v%(-) the optlmal minimax strategy and the optimal maximin
strategy respectively. On developing the reasoning in accordance with the scheme from [1, 5, 6] and
taking account of the results of [2-4], it can be shown that, in the game being cons1dered the value

p%(xlto = h[ - o], ultol - 1t+), ofto[ - }t-)) and the optimal strategies u(x[ty - A[- )], €) and VO(x[ty — A - Jt-],
¢) exist. Here, the actions u (xA wolto — h[-J¢], €) and v O (s olto — H[ - I¢1, €) from (1.3)~(1.5) are formed
using the value functional p°(-) by the method of extremal shift (see for example, [6, p. 150]) in the
appropriate accompanying motions.

We emphasize that the optimal strategies u%( - ) and vY( - ) only use information on the history of the
system.

The calculation of the value p’(- ) and the construction of the strategies 1% -) andv %(.) in differential
game (1.1), (1.2) make up the main content of this paper.

A functional treatment of the control process being considered is given in the next section. This
treatment reduces the initial problem concerning the control of a system with delay (1.1) on a minimax
(maximin) performance index (1.2) to an auxiliary problem on the minimax (maximin) control of a system
without delay with a terminal dimensionality than the dimensionality n of the vector x. This functional
interpretation starts from the constructions proposed in [11, p. 150] when investigating problems of
the stability of motions in systems with delay and which are employed, in particular, in [9] for problems
of the control of ordinary differential systems with a functional value. The above information enables
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one to use the results and to transform the constructions proposed in [5-9] for problems of the game
control of systems without delay as it applies to the problem under consideration here.

2. FUNCTIONAL TREATMENT
Suppose that F(&, t) is an n x n matrix which satisfies the following conditions: F(£, t) when £ < r;
F(z, t) = E", where E"l is an n-dimensional unit matrix; dF (¢, TdE = AE)F(E, 1) + AR(E)F(E - h, 1)
when § > . Then [10, p. 64], the motion x|ty — A[-}8] which extends the initial history x«[ty — h[-Jt+], £,
<t. < ) by virtue of Eq. (1.1) under the action of the permissible forms u[ts[-]9) and v[t«[-]¥) can be
written using the Cauchy formula

x[tl=x(1), fh-hst<y,
tth
x[t]=F(t.e)x,[t,]1+ | F(t,7)A,(D)x.[T—hldt+
L

, @.1)
+ [ F(t, t(B(tu1)+ C(ty [t])dh, t,<t<?d
{,

-

Suppose a history x{ty - 4[ - ]¢] of system (1.1) has been realized by the time ¢ e [to, §]. We shall call
the p-dimensional vector

yOelto = LI = (YV1e),...y ML), p=pM 4+ p™ (22)

where
D(i)(x[t(i)] _g(i)), t(i) <t

y(i )[t] = . X t+h ; ; ;
D"’[F(t‘”. nxiel+ [ Fe©, A, (t)xl1 - hldt - g ’], t<t®
!
the information object which corresponds to this history. The notation in (2.2) means that the first pv
components of the vector y(x[ty — A[ - ] are identical with the components of the p'V-dimensional vector
yO[1], the following p® components are identical with the components of the p®-dimensional vector
y(z)[t], and so on. The last p™ components of y(x[t, - i[ - J¢) are identical with the vector y(N)[t]. Moreover,
if N = 1, then y(x[to - 4[ - }t]) = y™[1], p = p™.
We use the notation

Yl =y (eI, vt = | K1), St -], Ymwithide (2.3)

LY

The performance index y from (1.2) can now be written in the form

Y = y(xitg — A 10]) 1 +y'[8] (2.4)

Next, we use the notation

BV (ty=DVF,0B1r), C(t)=DVFE?P,nC@), i=1,..,N

From the (p® x r-matrices B® (t) (i = 1, . . ., N), we set up the p x r matrix B.(t) such that the
first p") rows of the matrix B.(f) are identical with the rows of the matrix B.()z), the following p®
rows are identical with the rows of B{(f), and so on, and the last ™ rows of the matrix B.(¢) are identical
with the rows of the matrix B,(N)(t). Using the same rule, we set up the (p x 5)-matrix C+() from the
(® x 5)-matrices Ci(f).

We now introduce an auxiliary w-system. Suppose w is the p-dimensional phase vector of this system
and its evolution obeys the equation without delay

dw/dt=B,(u+C, (v, t<t<9 2.5)

For an initial state wto], specified at the instant ¢;, the permissible forms ulto[ - 19) and vftef - 19)
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generate the absolutely continuous motion w[tg9]9] = {w{t], o <t < 3} of the w-system (2.5). We will
estimate the quality of this motion using the performance index

vy =IW[811+y [0] (2.6)

where y*[§] from (2.3) whent = 9.
The following lemma, which establishes the link between the evolution, by virtue of system (1.1), of
the information object y(x[to — #[ -}t from (2.2) and the evolution of the w-system (2.5), holds.

Lemma 1. Whatever the initial history x[to — A[ - Jt+) of system (L.1) (fo < - < 9), the instant t* € (¢,
), the permissible forms ufts[ - J¢*) = {ufr], t. <t < t*} of the control and vfts[- t*) = {vft], &+ st <
t*} of the disturbance, the equality

wlt' )= y(xltg — (1D

where y(x[to - h[-J¢*]) is the information object (2.2) corresponding to the history x[ty — h[ - ]¢*], will hold
for the history x{to — A[ - ]t*], which is realized by the instant of time t* accompanying the motion of
system (1.1) from the state x[t — h[ - }t-] under the action of these controls u[t«[ - }*) and v[t«[ - }¢*) and
for the state w{t*] which is realized by the time ¢* in the motion of the w-system (2.5) from the state
wit.] = y(xlto — h[-]t+]) (see (2.2)) when ¢ = t.) under the action of the same controls.

The validity of Lemma 1 can be verified directly using Cauchy’s formula (2.1) and the properties of
the matrix F(&, 7).

For the w-system (2.5) and the performance index y,, from (2.6), we consider a two-person differential
game (the actions u of the first player are aimed at minimizing y,, while the aims of the second player
are aimed at maximizing yy).

It is well known [5, 6] that such a game has a value p’w(t, w, y*) and a saddle point which is made
up from the optimal minimax u (¢, W, £) and maximin vl(t, w, ¢) strategies. This means that, whatever
the initial position {t+, ws = W[ts], y*« = y*[t:]}, (fo < t+ < 9) and for any number ¢ > 0 which has been
specified beforehand, the step-by-step control law which forms the actions

ulel=u(t;, witle), 4 <t<tiy, j=look H=h, G, =0 (.7)
guarantees the inequality

Yo < Pt Was 3+ (2.8)

regardless of the dependence on the disturbance which is realized, if the values of the parameter
¢ > 0 and the step &, = max; -, .« (t+1—1;) are chosen to be sufficiently small. On the other hand,

..... .

a step law which prescribes the disturbance actions

U[t]=vg(t]»w[t_,],€), t,st<tj+], j=l,...,k, tl=t,, tk+|=ﬁ (2'9)

Y = p% (0 W) =8 (2.10)

subject to the condition that € > 0 and that &, = max; -,
of the control which is realized.

The optimal strategies u’y(t, w, €) and vY(t, w, €) are constructed as extremal strategies to the value
function u®(xfto — k[-Jt], €) = u’w(t, Y(x[to — A[-t], ) (see [5, pp. 210 and 220]).

It follows from the properties (2.7)—(2.10) of the value pO(-) and the optimal strategies u3(-) and v(")
of the auxiliary game (2.5), (2.6), if the notation (2.3), the representation (2.4) and Lemma 1 are taken
into account, that the functional pd(t+, y(x[to — A[ - Jt-1), y*[t-]) and the vector functions W, yixlto -
A[Jf), €) and V5(t, y(x[to — Al - }t]), ) will satisfy requirements (1.3)=(1.5) from section 1. The following
assertion therefore holds.

k (tj+1 — t;) are sufficiently small, regardless

.....

Theorem 1. Whatever the possible form {x[to — h[-Jt-], u[to[-]¢+), vfto[-]r+)} of the control process (1.1),
(1.2) by the instant of time t» € [to, 9], the equality

0% (xltp — LI, ), ultol 1), v ltol1e)) = pY (t, ¥ (xlto — ALILD). AN))

holds for the value of game (1.1).
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Here, the strategies u%(xfty — h[Jf], €) = uS(t, y(x[to — h[-]f], ) and v%(x[to — A[-J], €) = %, y(xlto -
h[-]t], €), t« <t < 9 form the saddle point in game (1.1), (1.2).

Remark. Since, as was pointed out above, the function pl(- ) and the strategies u2( - ) and v(- ) exist, Theorem 1
independently establishes the existence of a value p( - ) and the optimal strategies «3( - ) and v( - ) in the differential
game (1.1), (1.2) which is being considered.

3. CALCULATION OF THE VALUE OF THE GAME

According to Theorem 1, in order to determine the functional p%-) of the value of the initial differ-
ential game (1.1), (1.2), it is sufficient to construct the value function p3(-) of the auxiliary differential
game (2.5), (2.6). In order to do this, we make use of the method of hulls, which are convex upwards,
of deterministic functions which arise in the construction of stochastic program synthesis [5].

Suppose some position {t«, W« = W[t+], y*+ = y*[ts]}, £, < t. < & has occurred. We fix the partitioning

A=At} ={t;: T =0, T;<Tj, J=Lsk, Ty =19) (3.1)
of the time interval [+, 3]. Suppose l = {/;, ..., [} is a p-dimensional vector. We use the notation

T+l

Ay;D= | max mink(B.(0u-+ C.(e )+ (u O(0) — &, (D e =
tj ve ue

T oMb (32)

T

where

M@ = £[C.0¥ " OC] - B, OB @) (33)

The superscrlpt T denotes transposmon The last equahty in (3.2) follows from the direct calculation
of the maximin. In (3.3), ® (1) and ¥~(z) are the inverse matrices of ®(t) and ¥(z), respectively.
We write the magnitude of the program extremum

et Wy, A)= mgX[(l,W.)+ 9 (t.D]+y, 3.4)

The function @;(t+, 1) is determined from the sequence of functions ¢;(#+, I) which satisfy the following
recurrence relations

(pk+l(tul)507 Wj(tnl)=A\l’j(tul)"'(pj-pl(tul) (35)

Q. D={y;(t.), j=l..k (3.6)

In (3.6), the symbol {y(-)}* denotes the hull, which is convex upwards, of the function y(l) in the

domain {I: | 1| < 1}, that is, the function which is the minimum function of all concave functions which
majorize y(I), |1| = 1.

The equality [7]
Puta We,y0) = lim e, (1, W, 325 Ay) 3.7)
holds for any sequence of partitioning A, = A,{;} (3.1), which satisfies the condition 8, = max; -

(41~ 1) > 0ask — oo,
Followmg [8], we construct the functions g;(#+, 1), |1| < 1,j =1, ..., k. We put

K(1) =I ME)&E, t,<t<9 (3.8)
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In view of (3.3), K() is a symmetric p x p matrix-function. An orthonormal basis {I/', g = 1,...,p}
of a p-dimensional Euclidean space, composed of the eigenvectors of the matrix K(1;), is found for each
j=1,..., k Quadratic p x p matrices Q; (Q j‘l = QjT) (j =1,...,k) are constructed from the column
vectors {1, g = 1, ..., p}. These matrices define orthogonal transformations of the variables

1=Q,i, |N=1Q;ii=/1| (3.9)

which reduces the quadratic forms (1, K(t;)l) to the canonical form

LK) =(QLK()QD) =AM + ... + )l (3.10)
where the real numbers Al (g =1,...,p) are the eigenvalues of the matrix K(t;) to which the
eigenvectors lgl correspond.

We now put
L [m] .
lj—max{o, mg}?ik qmifpk,, }, j=L.. .k (3.11)

Whenj = k, in accordance with (3.2), (3.5) and (3.8), we obtain

Vi (8, = (LK(T)D (3.12)
The equality
Vet D=y, (0, QD =N + ... +NHI2 (3.13)
follows from (3.10) and (3.12).
We put
* (k]
A= qg:?fplq (3.14)

If A* < 0, the function y,(t., 1) is a negative quadratic form of constant sign and, consequently, a
concave function and the equality

Ot D={y, (1.0 =y, .1, N=<1 (3.15)

holds.

Suppose A* > 0. A vector is found in the basis { Kl g =1,...,p} which corresponds to the number
A*, which we denote by 1*. On numbering the eigenvalues A¥ in the proper manner, we assume that
A = X*p, =1*= g‘] and construct the function

D=0 Q=M 4 . 4N T2 L=~ . —I2)=
¢ (D=0 (Qh)=4A p-1'p P

=y (1, QD) ~ N P42 =y (6, D= N 1 +0 (3.16)
It can be verified [8] that, when A* > 0, the function ¢*(1) is the required hull, which is convex upwards,

of the function y,(ts, 1).
Hence, when A* > 0, the equality

ot D={y, (0., ) =0"M), Ih<1 (3.17)

holds.
Using (3.11)—(3.14), we obtain that the function @(t», 1), both in the case when A* < 0 (see (3.15))
and when A* > 0 (see (3.16), (3.17)), is defined by the expression

@t D) = (LK O - H? +4) (3.18)

We now consider an induction with respect toj fromj = ktoj = 1.
We assume that, at the (j + 1)th step, the required hull has already been constructed and has the
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form
@i (1) = (LK(T; D) = Xy (12 427, (3.19)

Equality (3.19) holds in every case whenj + 1 = k which follows from (3.18).
The equality

;(t, 1) = (LK(T)) -1 [117 +A] (3.20)
then holds for the function @;(z., I) from (3.5) and (3.6).
To prove equality (3.20), using (3.8) and (3.19) we calculate

¥ () = (LKD) =G0 1P 41, (3.21)

in accordance with (3.2) and (3.5).
On taking (3.9) and (3.10) into account, we have

VD =y, QD = AR + L+ NI -00, T Ny, (3.22)
We put
A = max A[,{] (3.23)
g=1,..p

When A* < A%, (see (3.11)), the function y;(t., 1) from (3.21) and (3.22) turns out to be concave and,
consequently, the relation

et D={y;t. N =y;@.D, <1 (3.24)

holds
In the case when 1.* > A%, ;, we set

@ (0 D)=LK )N =L 17 +1° (3:25)

As in the case whenj = k, it can be verified directly that the function (p,(t. )} from (3.25) actually is the required
hull, which is convex upwards, of the function y;(¢-, I) from (3.21) when 1* > A

We conclude from (3.11), (3.21) and (3.23) that in both cases, expressions (3. 54) and (3.25) can be written with
the same formula (3.20).

By virtue of the induction, equality (3.2) holds for anyj = 1, ..., k. This completes the construction
of the sequence of functions @;(¢+, 1), |1]| < 1,j = , k.
From (3.4) and (3.2), takmg account of the fact that 1] = tx, Wwe derive

ew(feiWarys A)=maxi(lw. )+ (LK) - AP T+ 2 + 3] (3.26)
We now consider the matrix K(t) from (3.8). Suppose A[1] is its largest eigenvalue. We put
A, = max A[T)=A[7) (3.27)
1, =10

We shall assume that the number t = 7(¢-) has been included in the set of points 1; of the partitioning
Ay (see (3.1)) of the interval [t., 9]. It then follows from (3.26), when account is taken of (3.11) and
(3.27), that the quantity e,(t+, w», y*; A;) is independent of the choice of k, k = 2 and it is sufficient to
take the partitioning A{t;} = {1y = t., 1, = 1, 13 = 9} for its calculation. Consequently, according to
(3.7), the equality

P (0 Wa, 1) = maxi{Lw, )+ (LK@ - NPT+ 2, 4+, (3.28)

also holds and is valid for any possible position {t+, ws, y*}.

By virtue of Theorem 1, when w. = y(x[to - [ - Jt=]) (see (2.2) in the case whent = t) and the notation
(2.3) is taken into account, expression (3.28) gives a formula for calculating the value p Ox(to ~ B[ 1],
g) of the initial differential game (1.1), (1.2).
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4. OPTIMAL STRATEGIES

In order to determine the optimal strategies u%(x[ty — k[ - }t], €) and v (x[to — h[ - ], &) for the initial
game (1.1), (1.2), following the material which has been presented above, we construct the strategies
uS(t, w, €) and VY, W, £) which are optimal for the auxiliary game (2.5), (2.6).

Suppose that a position {t, w = w]t], y* *[t]} has occurred and that a value of the parameter
£ > 0 has been selected. The optimal actlons ul(t, w, €) and v(t, w, &) are formed by the method of
an extremal shift to the corresponding points, which are determined using the function p%(-) from
(3.28) (see the details in [5, p. 416]). We now present the resulting formulae

(1, w,8) = -~ &~ OB (L1 wie) (@.1)
vd(t,w,€)= ?l)_-‘l‘" OCT 0 (1,w,€)

where I}, = 1%(t, w, £) and I°) = 1I°,(¢, w, €) are the maximizing vectors
0, w)+ (0, KOO~ A, 110 = [A+110 2) (et —tp) + )% = max(Idem(l; —> D]

A0, w+ (0 K@) = X 110 P+ 10+ 18] P) (et - 1) + €)1 = max(ldem@) D] (42)

Here, “Idem” on the right-hand side of the equality denotes an expression which is identical with
the left-hand side of this equahty on replacing the symbols in the brackets.

Note that the actions u5( - ) and v%(-) are bounded.

On substituting w = y(x[t, — #[-]¢]) into (4. 1) and (4.2) (see 2. 2)) in accordance with Theorem 1 we
obtain formulae which define the strategies u®(x[to - k[ - Jt], €) and vO(x[ty — k[ - J¢], €), which are optimal
in the differential game (1.1), (1.2).

5. EXAMPLE
Consider the system with delay

F1 () = =21 (1)~ 0.47 (N +0.02n () - n (1= 1)~

~0.41) (=D +0.4n(t = 1) = Fp (1~ D+ (5 Dy + 2,
Fa() = 0.01n() ~ ()~ 0.172() - 0.3n ¢t - D +

+0.7 (= 1)~ 0.4r, (1 ~ 1) +0.5¢5 (1 = 1) + (4 = 0.50uy +3v,
0<:<4, p(v)=sint, n(T)=cost, -1=<1<0

(5.1)

where a dot above a symbol denotes a derivative with respect to ¢.
Suppose the performance index of the control process has the form

v = (n2[0.5)+ r2{0.5]+ #3[0.51+ 7310.5) + n2(1)+ 211} + 20151+
+1212)+ F3(2. 51+ 2 [3)+ F 21351+ F3[3. 51+ P [41+ P 4] + (5.2)

4 4
+i2(41+ R[4 + | Wi+ ud Dt - | @RI +v2 1Dt
0 0

After making the substitutions x; = ry, x; = ry, X3 = r, X4 = 5, system (5.1) can be rewritten in the form (1.1),
where we have to substitute

X o 1 0 0 o 0 o0 0

X3 -2 0.4 002 0 -1 0.4 04 -1
xX= R A= . Ah =

x o 0 o0 1 0o 0o 0 o0

x4 001 0 -1 -0.1 -0.3 07 -04 0S5
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0 0

B(r)= 5-: 0 cw- 2 0 , M=Hul ', U=Iu|'
0 0 00 L7 1]
0 4-0.5t

h=1, to=0, 9=4

Here, the performance index (5.2) is rewritten in the form (1.2) in the case of the substitution

- D ogsi oDop o (M) = '8 _ 14
N=8, ¢ 0.5, g 0, i=1.8 D D E

1000
DY = . D=1 0 0 o), D®=f0o 1 0 0]
0010
0100
5 = p®={o 0o 1 o} D=
D =[o 0 o0 1} o i 00 0 1

&(1) = ¥(1) = EY

The problem of game control for system (5.1) in the case of performance index (5.2) was solved using the
constructions described above. In this case, the dimensionality of the information object y(-) and, consequently,
also of the auxiliary control problem of the w-system, p = 16.

We now present the results of modelling of the control process (5.1), (5.2) using a digital computer (in the
calculations in scheme (1.3)-(1.5) we chose k = 4000, &, = 4.4000 = 0.001 and ¢ = 0.01). The a priori calculated
value of the game

p° (xo[~1[-10). 4[0[10), v[0[10)) =p°({sint, cos, cosT,~sint,~ 1 < T<0})=p° = 2.741

The motion of system (5.1), which occurred under the combined action of the optimal strategies u%(-) =
u(e[-1[-)1), €) and v%(-) = V°(X[-1[- 1], &) is shown in Fig. 1. In this case, the value of the performance index (5.2)
is equal to

Y= 2.695 +5.376 - 5.329 = 2.742 = p°

Graphs of the corresponding forms of the control and the disturbance are shown in Fig. 2.
The motion of system (5.1) which was realized under the action of the optimal control strategy »°(-) in a pair
with the disturbance v(-) = 1297 (6)CT ()x(r)/| x(¢) | is shown in Fig. 3. The result obtained is

y=2.281 +4.278 - 4.033 = 2.526 < p°

Fig. 1. Fig. 2.
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Fig. 3. Fig. 4.

The motion of system (5.1), which occurred under the action of the optimal disturbance strategy oo(-) in a pair
with the control u(") = - 17207 1()BT(t)x(¢)/| x(t) | is shown in Fig. 4. The results obtained is

= 10.443 + 3.887 - 8.866 = 5.464 > p°

The efficiency of the proposed control was also verified in the case of the following modelling of the control
process (5.1), (5.2) as follows.

The optimal contro! strategy in a pair with the disturbance v(-) = 0, where the result was y =~ 1.195 + 1.502 -
0 = 2.697.

The optimal control strategy 1%+ ) in a pair with the disturbance v(-) = {v;(-), v(-)} = {0.6sin(f), 0.4 sin(2 + 1)},
where the result was y = 1.617 + 1.737 - 0.984 = 2.37.

The optimal disturbance strategy v%(-) in a pair with the control u(-) = 0, where the result was y = 32.344 +
0-12.166 = 20.178.

This research was supported financially by the Russian Foundation for Basic Research (97-01-00160).
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